Abstract: Real data and measures are usually uncertain and cannot be satisfactorily described by accurate real numbers. The imprecision and vagueness should be modeled and represented in data using the concept of fuzzy numbers. Fuzzy splines are proposed as an integrated approach to uncertainty in mathematical interpolation models. In the context of surface modeling, fuzzy tensor product Bézier surfaces are suitable for representing and simplifying both crisp and imprecise surface data with fuzzy numbers. The framework of this research paper is concerned with various properties of fuzzy tensor product surface patches by means of fuzzy numbers including fuzzy parametric curves, affine invariance, fuzzy tangents, convex hull and fuzzy iso-parametric curves. The fuzzification and defuzzification processes are applied to obtain the crisp Beziér curves and surfaces from fuzzy data points. The degree elevation and de Casteljau's algorithms for fuzzy Bézier curves and fuzzy tensor product Bézier surfaces are studied in detail with numerical examples.
Introduction
Data points are usually collected using physical objects to capture their geometric entity and representation in a digital framework, i.e., CAGD and CAD systems. Information is collected by using particular devices such as scanning tools. However, the recorded data do not significantly describe error-free data. This is due to the fact that the errors are produced by limitations of the devices, human errors and environmental factors, etc. Generally, these sorts of data which have uncertain characteristics cannot be used directly to create digitized models. In order to make uncertain data valuable for analysis and modeling, this kind of data have to be characterized in a different approach to handle uncertainties of the measurements.
In curve designing and geometric modeling, control points play a major role in the process of controlling the shape of curves and surfaces. The issue of uncertain shape of surfaces and curves can be handled by using left, crisp, right control points through fuzzy numbers called fuzzy control points [1] .
Natural spline, B-spline and Bernstein Bézier functions can be used to produce geometric models with data points [2] [3] [4] . The surfaces and curves produced with these functions are the standard approaches to represent a set of given data points. Tensor product Bézier surfaces, also known as Bernstein Bézier surfaces, can be determined by a collection of vertices called control points, which are joined in a sequence to form a closed or open control grid. The shape of the surface changes with the control grid in a smooth fashion. However, there is a major problem in shape designing due to uncertainty, imprecision and vagueness of the real data. The designers and experts are unable to choose an appropriate set of control points due to errors and uncertainties. One of the methods used to handle vagueness and uncertainty issues is the theory of fuzzy sets introduced in [5] .
The problem of interpolation was first proposed by Zadeh in [5] stating that if for each r + 1 distinct real numbers y o , y 1 , . . . , y r , a fuzzy value is given instead of crisp value, is it possible to construct a smooth curve to fit this fuzzy data of r + 1 points? To solve Zadeh's proposed problem, Lagrange interpolation polynomial for fuzzy data was first investigated by Lowen [6] . The problem of interpolating fuzzy data using fuzzy splines was also considered by Kaleva [7] . By using spline functions of odd degree, the interpolation of fuzzy data was considered in [8] with complete splines, in [9] with natural splines, and in [10] with fuzzy splines. The concept of a fuzzy tensor product Bézier surface was introduced in [1] . The construction of the fuzzy B-spline model, modeling of uncertain data based on B-spline model curve are discussed in [11] [12] [13] .
In this research paper, we study various properties of fuzzy tensor product surfaces by means of fuzzy numbers including fuzzy parametric curves, affine invariance, fuzzy tangents, convex hull property and fuzzy iso-parametric curves. We also develop De Casteljau's and degree elevation algorithms for fuzzy Beziér curves and fuzzy tensor product surfaces with numerical examples. We apply the process of fuzzification to obtain the fuzzy interval of fuzzy data points where the crisp solution exists. This is followed by the defuzzification process to construct crisp Beziér curves and surfaces which focus on the defuzzification of fuzzy data points.
We used standard definitions and terminologies in this paper. For other notations, terminologies and applications not mentioned in the paper, the readers are referred to [14] [15] [16] [17] [18] [19] [20] [21] .
Definition 1 ([5,20] ). A fuzzy set λ on a non-empty universe Y is a mapping λ :
Definition 2 ([21]).
A triangular fuzzy number is a fuzzy set on R, denoted by the symbol A = (δ, β, γ), δ < β < γ δ, β, γ ∈ R, with membership function defined as,
The α-cute operation, 0 < α ≤ 1, of triangular fuzzy number is defined as 
Definition 3 ([1]
). Let Y be a space and P be a subset of r + 1 control points in Y. P is said to be a collection of fuzzy control points in Y if there exists µ P : 
Definition 4 ([1])
. Consider a collection of r + 1 distinct fuzzy control points p * k , 1 ≤ k ≤ r, then a fuzzy Bernstein Beziér (B.B) curve is defined as,
is kth Berstein polynomial of degree r.
Definition 5 ([1]
). Consider a collection of (r + 1) × (q + 1) fuzzy control points p k,j , 1 ≤ k ≤ r 1 ≤ j ≤ q, then a fuzzy Beziér surface is defined as,
Fuzzy Tensor Product Beziér Surfaces
Consider a fuzzy B.B curve,
If we define two operators on fuzzy control points, shift operator Ep * k = p * k+1 and identity operator
. This is called the symbolic representation of fuzzy B.B curve. For u ∈ [0, 1], a fuzzy straight line can be defined as,
where, p k = ( p k , p k , p k ) are fuzzy control points. Consider two fuzzy B.B polynomials
where, b * k , 0 ≤ k ≤ r and a * j , 0 ≤ j ≤ q are fuzzy control points. The fuzzy tensor product surface or fuzzy Bernstein Beziér (B.B) surface can be generated using P * (u) and P * (v) as,
where, p k,j = ( p k,j , p k,j , p k,j ) are fuzzy control points. For any fuzzy B.B surface, r and q are the degrees of corresponding fuzzy B.B curves. We can say that P(u, v) is a fuzzy B.B surface of degree r × q. If r = q = 3, the fuzzy B.B surface is known as fuzzy cubic by cubic patch. Likewise, the case r = q = 2 is called a fuzzy quadratic by quadratic patch. Also, (r + 1) × (q + 1) fuzzy control points are organized into r + 1 rows and q + 1 columns. A fuzzy B.B surface of degree 2 × 2, with fuzzy control points in Table 1 , is shown in Figure 1 . The fuzzy control points along with dashed lines is called a fuzzy control grid of a fuzzy surface. Each column and row of the fuzzy control points interpret a fuzzy B.B curve. The fuzzy B.B curve defined by the fuzzy control points p k,j , 0 ≤ j ≤ q is called kth fuzzy u-curve and the fuzzy B.B curve defined by p k,j , 0 ≤ k ≤ r is jth fuzzy v-curve. Consequently, there are (r + 1) number of fuzzy u-curves and (q + 1) number of fuzzy v-curves. The fuzzy u-curves of Figure 1 are shown in Figure 2 . The fuzzy u-curve with 0th row of fuzzy control points is shown with red lines, the 1st row of fuzzy control points is shown in blue and the 2nd row of fuzzy control points is shown in green. In fuzzy B.B surface P(u, v), B r k (u) and B q j (v) are basis functions of degree r and q, respectively. There are four fuzzy boundary curves to P(u, v),
We now present some properties of fuzzy Beziér surfaces. 
4. As P(u, v) is a linear combination of fuzzy control points with non-negative coefficients whose sum is one therefore, fuzzy B.B surface lies in the convex hull defined by the fuzzy control mesh. 5. As P (u) = r[uE + (1 − u)I] r−1 (p * 1 − p * 0 ) therefore, the fuzzy tangents at the end points of fuzzy Beziér curve can be drawn using a pair of fuzzy control points. For u = 0, P * (0) = r(p * 1 − p * 0 ) and for u = 1, P * (1) = r(p * r − p * r−1 ). 6. At every point of fuzzy Beziér curve, we have two fuzzy tangent directions
For any fuzzy B.B surface, if we fix one parameter, say u = a, then P(u, v) becomes,
where, P * j (a) = r ∑ k=0 B r k (a)p k,j . P(a, v) is known as fuzzy u iso-parametric curve. Fuzzy iso-parametric curve on any fuzzy B.B surface can be obtained by fixing one parameter as constant. A fuzzy B.B surface can be considered as a family of fuzzy iso-parametric curves and these fuzzy iso-parametric curves can be studied in terms of fuzzy control curves. Figure 2 represents fuzzy u iso-parametric curves of Figure 1 . For any value of a, P * j (a) define fuzzy control point positions for fuzzy iso-parametric curve P(a, v).
Clearly, the four fuzzy iso-parametric curves are fuzzy boundary curves P(u, 1), P(u, 0), P(1, v) and P(0, v). These fuzzy boundary curves are defined by rows and columns of fuzzy control points and are fuzzy control curves. For example, in Figure 1 , P(0, v) shown in red color is a fuzzy B.B curve of degree 2 with fuzzy control points p 0,0 , p 0,1 , p 0,2 . Similarly, P(u, 1), shown in green, is a fuzzy B.B curve with fuzzy control points p 1,0 , p 1,1 , p 1,2 .
We now describe and design de Casteljau's algorithm to find any point on fuzzy B.B curve.
Algorithm 1. De Casteljau's algorithm for fuzzy B.B curves
Consider fuzzy B.B curve of degree r,
Using symbolic representation, P * (u) can also be expressed as,
Denote p * (0)
Equation (2) can also be expressed as, P * (u) =
For i = r, P * (u) = p * (r)
0 , p * (r) 0 ).
Example 1.
Consider a fuzzy cubic B.B curve, given in Figure 3 , having fuzzy control points as shown in Table 2 . We now find P * ( 1 2 ) using de Casteljau's algorithm. Clearly, P * (
0 (
Similarly, p (u, v) . It is based on fuzzy iso-parametric curves. Consider the equation of fuzzy Beziér surface,
It clearly shows that P(u, v) can be calculated using r + 1 fuzzy control points l o (v), l 1 (v), . . . , l r (v). The procedure can be illustrated as:
1. As l o (v) is a fuzzy control point on fuzzy iso-parametric curve defined by the row of fuzzy control points p 0,0 , p 0,1 , . . . , p 0,q . Therefore, for the fuzzy iso-parametric curve on the 1st row, Algorithm 1 can be applied to compute l o (0). Repeat this process for all other fuzzy iso-parametric curves. 2. After r + 1 implementations of de Casteljau's algorithms, we obtain l o (v), l 1 (v), . . . , l r (v). 3. At the end, apply de Casteljau's algorithm to r + 1 fuzzy control points l o (v), l 1 (v), . . . , l r (v) with given u to compute P(u, v).
Example 2.
In this example, we illustrate the process of Algorithm 2 for fuzzy quadratic by quadratic surface as shown in Figure 1 . We now calculate the value of P(u, v) for u = v = 1 2 .
Step 1:
). The fuzzy control points on the first row are
Similarly, l o ( Step 2: Applying Algorithm 1 on all fuzzy iso-parametric curves, we obtain three fuzzy control points as shown in Table 3 .
Step 3: Applying Algorithm 2 for u = 1 2 , we obtain the following expression, Upon defining the fuzzy Beziér surface model, the next step is the defuzzification process. This procedure can be applied to obtain the results as a single value. For defining defuzzification, we use the α-cut operation of fuzzy control points on the definition of fuzzy Beziér surface. This is called the fuzzification process, and is defined as follows.
Fuzzification process [11]:
If {p k,j | 0 ≤ k ≤ r, 0 ≤ j ≤ q} are the set of fuzzy control points then, p k,j α is the alpa-cut of p k,j and is defined in Equation (3):
After fuzzification, the next procedure is the defuzzification of fuzzy control points to obtain the crisp solution which is described below.
Defuzzification process [11] :
The defuzzification of fuzzy control point p k,j α is a crisp control point p k,j α , calculated in Equation (4):
The fuzzification and defuzzification process is illustrated in Figures 4 and 5 . The fuzzification process is applied by means of 0.5-cut operation and a crisp Beziér surface is obtained by applying the defuzzification process. Degree Elevation for a Fuzzy B.B Curve Numerous applications that include more than one fuzzy B.B curve require all the fuzzy curves to have the same degree. Additionally, higher degree fuzzy B.B curves take a longer time to process, but provide more flexibility for designing shapes. The key point is to change the degree of fuzzy B.B curve without changing its shape. This process is called degree elevation. We now explain the process of degree raising for a fuzzy B.B curve.
Consider fuzzy B.B curve of degree r having r + 1 fuzzy control points,
To increase the degree of fuzzy B.B curve to r + 1, r + 2 fuzzy control H * k , 0 ≤ k ≤ r + 1, are required. As the fuzzy curve passes through p * o and p * r therefore, the new set of fuzzy control points must include p * o and p * r . By replacing u by 1 − u + u, Equation (5) can be written as, 
Fuzzy Rational Beziér Surface Patch
A fuzzy rational Beziér curve (FRB) [13] is defined as,
where, w k = ( w k , w k , w k ) are fuzzy weights. Fuzzy rational Beziér curves has several benefits over simple fuzzy Beziér curves. It provides large control to the shape of fuzzy curves. In addition, a 2D FRB curve can represented as a projection of a 3D fuzzy Beziér curve as,
where, P k = ( w k x k , w k y k , w k ) , P k = (w k x k , w k y k , w k ) , P k = ( w k x k , w k y k , w k ) and the operator ∏ is defined as ∏(x, y, w) = (x/w, y/w).
The degree elevation and de Casteljau algorithm for fuzzy Beziér curve can be extended to FRB curve. For this, transform the FRB curve into a 3D fuzzy Beziér curve as discussed above. Next, apply the algorithms to 3D fuzzy Beziér curve. Finally, convert the 3D fuzzy Beziér curve to 2D fuzzy curve by applying the projection operator ∏. The resulting fuzzy control points turn out to be the fuzzy weights of given FRB curve.
Conclusions
Fuzzy splines are the most useful mathematical and graphical tools to reduce uncertainty in curve and surface modeling. In this research paper, various properties of fuzzy tensor product surface patches are studied using fuzzy numbers including fuzzy parametric curves, affine invariance, fuzzy tangents, convex hull and fuzzy iso-parametric curves. The degree elevation and de Casteljau's algorithms for fuzzy Bézier curves, fuzzy tensor product Bézier surfaces and FRB curves are presented. The proposed techniques are useful to visualize uncertain and vague measures via surface modeling. The process of fuzzification is applied to obtain the fuzzy interval of fuzzy data points where the crisp solution exists. It is then followed by the defuzzification process to construct crisp Beziér curves and surfaces which are focused on the defuzzification of fuzzy data points. Finally, to check the effectiveness of Beziér surfaces this process is applied to numerical examples. We aim to extend the theory of fuzzy splines to find its applications in geometric modeling, representing fuzzy data points using fuzzy numbers and fuzzy spline approximation problems.
